The size dependence of the nanocrystal melting temperature has been investigated based on a nonequilibrium thermodynamics approach. An expression has been derived for the melting temperature that, contrary to the classical Tomson formula, takes into account the metastable character of the crystal nucleus-melt shell equilibrium. Quantitative estimations have been carried out for small spherical particles of aluminum, tin, and lead.
Introduction
Temperatures and heats of phase transitions depend on the small object size [1] [2] [3] . In addition, the critical temperature should not depend on the degree of dispersion [4] . Contrary to this, the crystal nucleus grows at the size-dependent temperature T m of the nucleus-melt equilibrium [4] . Usually the nucleus growth in the in¯nite melt medium is considered [5] . The melting and crystallization of small particles have been much less investigated. However, nanoparticles are characterized by a lower melting temperature T m compared with the macroscopic melting temperature T 0 (T m 6 T 0 ).
The nanoparticle melting temperature prediction is critical for many technologies, for example, processes of powder metallurgy, as well as for determination of the admissible temperature range of nanochips and other nanodevice operations. Obviously, some¯ne e®ects, such as irregular variations of the melting temperature for clusters [6] , cannot be ¤ E-mail: Vladimir.Samsonov@tversu.ru interpreted in terms of thermodynamics. However, the results obtained make it possible to conclude that thermodynamics may adequately predict the averaged size dependence of the melting temperature.
According to [7] , all the available theories of the small-particle melting may be reduced to three basic models: homogeneous melting model without a liquid skin; liquid skin melting model; and liquid nucleation and growth model with unstable liquid skin.
A liquid skin (shell) diminishes the crystalline core to radius r compared to the particle radius R (r 6 R). All three models predict the linear T m versus R ¡1 dependence
where T ¤ m = T m /T 0 is the reduced melting temperature, ½ s is the density of the solid, that is, of the crystalline core, and¸is the speci¯c (per unit mass) latent heat of melting. The value of the parameter ® depends on the choice among the three above-mentioned models: ® 1 =°s ¡°l; ® 2 =°s l ; in model 3 ® 3 varies between the low-temperature limit of 1.5 (°s ¡°l) and the upper limit of°s l , so that the melting transition is \smeared out". Here°s and°l are the surface tensions of crystal and melt respectively and°s l is the interfacial tension at the crystal-melt boundary. Afterwards we suppose that all the dividing surfaces are equimolecular. Respectively, surface tensions°s,°l and°s l coincide with corresponding speci¯c surface free energies ¾ s , ¾ l and ¾ sl .
Substituting ® = ® 2 = ¾ sl into (1), we obtain the well-known Tomson formula
where
s is the speci¯c volume of the bulk solid. Formulas (1) and (2) demonstrate an important role of interfaces and their energetic properties in the nanoparticle melting. According to [3] the liquid-skin mechanism of the small object melting has an advantage and should really take place, as the speci¯c excess surface free energy of liquid ¾ l is always less than ¾ s .
The study of the size-dependent melting is simultaneously bene¯cial and complicated by the concept of two stages of melting for the case of the°at interface. Two abovementioned stages are the surface premelting and the thermodynamically described melting [3] , [7] . Such a classi¯cation seems somewhat incorrect as, in principle, thermodynamics also predicts the°at-surface premelting when the condition
is satis¯ed. Eq. (3) simply follows from the reduction condition for the excess surface free energy. According to [7] , in some cases ¢¾ < 0, but usually ¢¾ > 0. At the same time, the average value of ¢¾ is close to zero (¢¾ º 0) for lead and cubic metals. Therefore, the available data on the°at-surface premelting are rather scanty and contradictory. If ¢¾ º 0, the thickness of such a premelting layer should be very small, that is, of the order of the e®ective molecular (ionic) diameter a or of the lattice period d.
It is also of interest that a relationship exists between the problems of the°at-surface premelting and the crystal-faces wettability. The wettability of the solid surface s by a liquid l is characterized by the so-called spreading coe±cient [8] 
According to Eqs. (3) and (4) s l/s = ¡ ¢¾. Therefore, the condition (3) of the spontaneous premelting layer formation is equivalent to the condition s l/s > 0 of the complete wetting. However, according to [9] , droplets of the own melt form small but¯nite equilibrium contact angles (£ = 20 0 ¡ 30 0 ) on the crystal faces. If £ > 0, Eqs. (3) and (4) give
Unfortunately, current data on £ are also too scanty to make adequate estimations of ¢¾ for solids of di®erent intermolecular (interionic) interaction natures. So, in this work we assume ¢¾ º 0, which corresponds to the premelting layer thickness ± equal to zero. The condition ¢¾ º 0 is equivalent to the next simple approximation for the interfacial tension of the crystalline crystal/melt interfacial tension melt boundary
The problem of the experimental measurement and theoretical estimation of the interfacial tension ¾ sl of the boundary is complex enough. The well-known Good's theory of the interfacial tension [10] seems not to be applicable for metallic systems. Experimental data and theoretical approaches for metals are discussed in the review by N. Eustatopolous [11] . Generally, the available data on ¾ sl are contradictory and not quite reliable. The most accurate treatment of the problem in question seems to belong to G. Kaptay [12] . Sometimes incorrect use of data on ¾ sl yields some confusing results. For example, in [13] the T m (R) curve for gold nanoparticles was obtained using the values of ¾ sl found just on the basis of the T m (R) dependence of other authors. No wonder that after such a procedure, an ideal agreement with experimental data on T m (R) was reached. Therefore, the problem of the interfacial tension is worth discussing in another paper. In this work the loose but reliable relation (5) is used.
A thermodynamic model of the small particle crystallization and melting
This paper may be considered as a further development of model 2, that is, the liquid-skin model, which proposes that the small particle consists of the crystalline nucleus of radius r surrounded by the melt shell of thickness h = R ¡ r ( Figure 1 ). The melting process will correspond to an increase in h, and the crystallization to a reduction. Let us also assume that the nonvolatile particle is located in a container with a chemically inactive gas, insoluble in the melt phase. Such a model is quite adequate for the majority of real systems, as in a vicinity of the melting temperature, the vapor pressure is negligibly small. Besides, many substances, for example polymers, are nonvolatile and ideally correspond to the chosen model. Therefore, the role of the inert gas is reduced to exerting some external (relative to the particle) pressure P , which may be treated as one of the controlling parameters of the system under consideration.
As already noted in [3] , the crystalline \nucleus { melt shell" system is usually metastable. From the metastability of this system, it follows that the stationary value of radius r should be determined by taking into account principles of nonequilibrium thermodynamics. In the case under investigation, it is expedient to proceed not from the most known, entropy variant of nonequilibrium thermodynamics [14] [15] , but from its energetic variant [16] [17] . According to the free-energy decreasing principle, the Helmholtz free energy F of the isothermal (T = const) and mechanically isolated (volume V = const) system does not increase ( _ F 6 0). Under the conditions T , P = const, the principle under consideration should be formulated for the Gibbs free energy G:
where J i are the generalized°ows and X i are the coupling generalized forces. For the investigated system, the single, independent, generalized coordinate is the crystalline nucleus radius r. At T , P = const, the evolution condition may be rewritten as
So, J = dr/dt and X = dG/dr. The stationary state, that is, the metastable equilibrium between the crystalline nucleus and the melt shell, will correspond to _ G = 0 and, respectively, to J = 0 and X = 0.
In the development of nonequilibrium thermodynamics of heterogeneous systems that consist of two homogeneous phases [16] and the concept of the local equilibrium [15] , we shall proceed from the assumption that each of the bulk phases (the crystalline nucleus and the melt shell), as well as the interfacial surface (considered as the non-autonomous, thermodynamic phase), satisfy conditions of thermodynamic equilibrium. (According to A.I. Rusanov [18] , the phases are in equilibrium inside themselves, but not in thermodynamic balance with each other).
The Gibbs free energy
where ¹ i is the chemical potential of the i-phase per molecule or atom; A ij are the areas of the dividing surfaces between bulk phases i and j. For the variable part of the Gibbs free energy, we have
where v i is speci¯c volume of i-phase (per molecule or atom). During the melting or crystallization of a nanoparticle, its external radius R is varied. However, according to our estimation of this e®ect, the variation of R is not greater than 2%, even for very small particles (10 { 20 nm in size).
In the present paper, the overheating and overcooling are not taken into account, and it is assumed that the system is isothermal, that is, T s = T l = T . However, the corresponding phase pressures P s and P l are not equal in the general case (s). Therefore, the chemical potentials of the melt shell and the crystalline nucleus are brought to the same pressure, that is, to the external pressure P . For ¹ l (P l ; T ) we have
Assuming that the state of the lg-boundary corresponds to the local equilibrium, the di®erence of pressures in the liquid shell and the gaseous environment can be found from the Gibbs equation ¢P lg = P l ¡ P = 2¾ l /R + @¾ l /@R [18] . The present paper investigates the case in which r and R are much greater than the e®ective molecular (ionic) diameter, and correspondingly, @¾ l /@R = @¾ sl /@r = 0. So, the above equation for ¹ l (P l ; T ) may be rewritten as
Taking into account the excess (capillary) pressure ¢P sl = P s ¡ P l = 2¾ sl /r in the crystalline nucleus, relative to the pressure P l in liquid shell, and the excess pressure ¢P sg = P s ¡ P = ¢P = 2¾ sl /r + 2¾ l /R, relative to the pressure P in the gaseous phase, we¯nd
Substituting Eqs. (7) and (8) into Eq. (6), we obtain
The stationary condition for the condition X = @G/@r = 0 may be rewritten as
After that, we can¯nd ¢¹ sl = ¹ s ¡ ¹ l .
Thus, the stationarity of the system under investigation does not correspond to the thermodynamic equilibrium between the crystalline nucleus and the melt shell when ¹ s (P s ; T ) = ¹ l (P l ; T ). Therefore, at the¯nite, constant value of r, the system under consideration is metastable. However, at R; r ! 1, Eq. (10) transforms into the usual equilibrium condition ¹ (0)
l (P 0 ; T 0 ) between the bulk phases s and l. The temperature T 0 , that is, the macroscopic temperature of the s and l phases equilibrium, corresponds to the macroscopic melting temperature
where s i and v i are speci¯cally the entropy and the speci¯c volume of the phase i respectively.
Results and discussion
Assuming that for a small enough temperature interval [T ; T 0 ],¸= T (s l ¡ s s ) º const, ¢P = 0 (P = P 0 ), we obtain the next equation
for the temperature T of the metastable equilibrium between the crystalline nucleus and the melt shell. At ¢T = (T ¡ T 0 ) << T 0 , Eq. (11) may be rewritten aş
With respect to formulas (11) and (12), it is necessary to specify notions of the melting and crystallization temperatures for the case of the small object. As the temperature T of the crystalline nucleus { melt shell equilibrium depends on r, there exists no de¯nite crystallization temperature of the small particle. In accordance with (6), the quasiequilibrium temperature of crystallization T (r) depends on r and should grow in the process of the crystal nucleus growth. The melting temperature T m (R) should be de¯ned as the limiting value of the crystallization temperature T (r) for the case where r = R or r = R ¡ h, if some initial (particularly premelting) layer of the thickness h is taken into account. At r = R formula (11) gives the next equation for the melting temperature of the small crystal
The correction term (2¾ l /R)(v l ¡ v s ) coincides with the second term in the right-hand side of the Vronski formula [19] T
The¯rst term in (15) corresponds to the Tomson formula (2) with R replaced by R ¡ h. In accordance with Eqs. (11)- (14), T (r) 6 T m (R), that is, the melting temperature of the small object T m , is higher than the temperature of crystallization T (r). At the same time, Eqs. (13)- (14) show that T m (R) 6 T 0 . That is, for the case ¢P = 0, the melting temperature of the small particle should be less than the melting temperature T 0 of the macroscopic crystal.
Equation (14) di®ers from the Tomson formula (2) and the Vronski formula (15) by the multiplier in the second term. Formulas (13) and (14) predict a lower melting temperature of the small object than Eqs. (2) and (15), which correspond to the equality of the crystal nucleus and melt-shell chemical potentials.
The T m versus R ¡1 dependences calculated using formula (14) are presented in Figs. 2-4 and compared with the available experimental data on aluminum [20] , tin [19] , [21] , and lead [7] , [21] respectively. The values of the melting heat¸were taken from [22] , densities and surface tension of melts from [23] , densities of solids from [24] , and surface tension of solid metals from [25] . For all the above systems, the curves corresponding to formula (14) demonstrate a better agreement with experiment than dependences corresponding to the Tomson formula (2) . Note also that under the quite reasonable condition j¢T j = jT m ¡ T 0 j << T 0 , the T m (R ¡1 ) dependences, found on basis of formulas (13) and (14), practically coincide. However, Eqs. (13) and (14) predict the linear dependence of T m on R ¡1 , as well as the classical Tomson formula (2). In [3] , [21] , the nonlinearity of experimentally observed dependences T m (R ¡1 ) is explained by some unspeci¯ed surface heterophase°uctuations and by deviations from spherical in the crystalline core form. Not excluding a possible role for these two factors, we believe that the divergence between thermodynamic predictions and experimental data on T m , in particular the nonlinearity of the functions T m (R ¡1 ), may be caused by other reasons. First, in accordance with (11)- (14), the size dependence of the melting temperature of the small particle is substantially determined by the surface ¾ l and interfacial ¾ sl tension. Whereas the surface tensions of melts are measured with high accuracy [23] , the equation (5) is loose enough. In addition, in (11)- (14), the surface tensions correspond to T = T m , instead of T = T 0 , as it is assumed in the thermodynamic formulas for T m . Substituting the linear approximations
for ¾ l and ¾ s in Eq. (14), we obtain an algebraic equation for T m . The solution of this equation is
The values of the temperature derivative d¾ l /dT and d¾ s /dT in (16) were taken from [23] and [25] respectively. For aluminum nanoparticles, formula (16) (curve 3 in Figure  2 ) agrees much better with experiment than formula (14) , which corresponds to the as-
. At the same time, for tin and lead nanocrystals, formula (14) better agrees with experiment. At last, we have elucidated another factor a®ecting the calculated values of T m and its agreement with experiment. Namely, formulas (11)- (14) have been obtained by assuming that r = R and that they correspond to the hypothetical temperature of the beginning of the melting process. However, even modern and precise experimental technique (electronography [20] , [21] , a di®raction of the re°ected x-ray beams [7] ) cannot x this temperature, but the temperature corresponding to a melt shell of some¯nite thickness h equal, at least, to one or two lattice periods d. Figure 2 demonstrates that, for aluminum particles, curve 4, which not only takes into account dependences of ¾ l and ¾ sl on T m , but also corresponds to the de¯nition of T m as T (R ¡ 2d), better agrees with the available experimental data on the melting-temperature size dependence. The values of the parameter d were taken from [24] . At the same time, for tin and lead nanocrystals, the account of the melt layer of thickness h = 2d worsens the agreement with experiment.
In principle, the de¯nition of T m as T (R ¡ h) explains the nonlinearity of T m versus R ¡1 . The ideal agreements with the experimental T m (R) dependence have been achieved using only some adjusting procedures or other arti¯cial tricks. For example, in [21] , the ideal agreement with experiments for tin and lead nanocrystals was achieved by introducing two adjusting parameters. Then, in [13] the T m (R) curve for gold nanoparticles was obtained using the values of ¾ sl and h found just on the basis of the T m (R) dependence [24] . In the present paper, no adjusting parameters have been used. The reasons for a worse agreement with experiment for tin and lead nanocrystals compared with aluminum ones are not clear. Probably, there exists a correlation with lower macroscopic melting temperatures of tin and lead in comparison with aluminum. In addition, the experimental data on the melting-temperature size dependence are not quite reliable. Besides, as can be seen from Figure 4 , there may be an appreciable spread in available experimental data from di®erent authors.
There is another problem to be discussed. In principle, the Tomson formula (2) and our expression (13) make it possible to determine the interfacial tension ¾ sl (R) or, at least, its macroscopic value ¾ (1) sl = lim ¾ sl (R). However, the theory of the size-dependent melting is not developed enough to solve the problem under discussion. Really, the derivations of formulas (2), (13) , and (15) propose that @¾ sl /@R = 0. The available expressions for T m (R), including our formula (13) are valid for the case where the size dependence of ¾ sl may be neglected. With respect to the results obtained in our previous papers [26] [27] [28] , the size region where @¾/@R º 0 corresponds to R > 5 nm. Then, the task of the correct determination of the ¾ (1) sl using the tail of the T m (R) dependence (at large R) also breaks down. Really, at R ! 1 the values of ¾ sl may be found by evaluating the indeterminate form (T m ¡ T 0 )R = 0 ¢ 1. So, ¾ (1) sl might be adequately estimated if the expression for T m (R) is exact enough. Up to now, the direct problem of determining the T m (R) dependence seems to be more realistic.
Conclusions
In this work we obtained a new expression for T m (R ¡1 ) that, contrary to the classical Tomson formula (2), takes into account that the crystalline core-melt shell system is not in equilibrium and is metastable even if dr/dt = 0. Eq. (16) demonstrates a better agreement with the available experimental data than the Tomson formula (2) . Two previously unmentioned factors of nonlinearity of the T m (R ¡1 ) function have been revealed: (i) the temperature dependence of ¾ l and ¾ sl ; (ii) the necessity of a melt shell of some de¯nite thickness for the experiment could¯x an initial stage of the particle melting. Taking into account these two last factors, a better agreement with experiment has been reached for aluminum particles. Fig. 1 Geometrical model of the system under investigation: s is the crystal nucleus of radius r covered by the melt shell l with the external radius R. Fig. 2 The T m versus R ¡1 dependence for aluminum particles R ¡1 : 1-the Tomson formula; 2 { formula (11) not taking into account temperature dependences of ¼ sl and ¼ l , 3-results obtained taking into account temperature dependences of surface tensions; 4-the results taking into account ¼ l (T ) and ¼ s (T ) dependences as well as the presence of a melt layer of the thickness of order of 1 nm, corresponding to two lattice periods. The experimental data [16] are presented by dots. Fig. 3 T m versus R ¡1 dependence for tin particles: 1 { the Tomson formula (2); 2-our formula (11) . The dots correspond to experimental data [15] (°), and [17] (¥). Fig. 4 The size dependence of the melting temperature of lead nanoparticles: 1-the Tomson formula (2); 2-our results estimated by formula (11) . The points correspond to experimental data [7] (°), and [17] (N).
